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FOREWORD

This report was prepared by the Space and In-
formation Systems Division of North American Aviation,
Inc., Downey, California, for the George C. Marshall
Space Flight Center, National Aeronautics and Space
Administration, Huntsville, Alabama, under the
Supplemental Agreement Modification No. 2 of Contract
NAS8-11490, "Study of Longitudinal Oscillations of
Propellant Tanks and Wave Propagations in Feed Lines,"
dated April 6, 1966. Dr. George F. McDonough (Principal)
and Mr. Robert S. Ryan (Alternate) of Aero-Astrodynamics
Laboratory, MSFC, are Contracting Officer Representatives,
The work is published in two separate parts:

PART I - Propagating Pressure Waves in a Fluid
Filled Cylindrical Shell

PART II - Longitudinal Oscillation of A Liquid-
Filled Elastic Cylindrical Tank with A
Flexible Inverted Conical Bulkhead

The project was carried out by the Vehicle Dynamics
Branch, Structures and Materials Department of Research,
Engineering, and Testing Division, S§ID. Dr. F. C. Hung
was the Program Manager for North American Aviation, Inc.
The study was conducted by Dr. Clement L. Tai (Principal
Investigator), Dr. Shoichi Uchiyama, and Mr. John S. Kanno.
The computer program was developed by Mr., Shigeo Miyashiro.
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ABSTRACT

A procedure has been formulated to determine the
natural frequencies and the corresponding mode shapes of
a liquid-filled elastic cylindrical tank with a flexible
inverted conical bulkhead. It is assumed that the liquid
is incompressible and inviscid and its motion is irrotational.
Under such assumptions, the velocity potential is obtained
from the solution of Laplace's equation in both circular
-cylindrical and spherical polar coordinates. This velocity
potential, together with Bernoulli's equation, permits the
evaluation of the fluctuating liquid pressure at the liquid-
shell interfaces.

The interface pressure is treated as a forcing
function in the shell equations, and the shell displace-
ment components are then determined analytically. An
eigenvalue problem was constructed by the least square
technique through the boundary conditions and interface
conditions. The solution of such an eigenvalue problem
are the desired natural frequencies and the corresponding
mode shapes of the system.
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NOMENCLATURE

Arbitrary constants
Radius of cylindrical shell

Height of cone

Undetermined constants n = 0, 1, -.—, N; n = 2n;
n=2n+1

Extensional and angular (hoop) strain.

Eh/(l - v2>, shell extension rigidity.
Young's modulus

Defined functions

Thickness of cylindrical shell and cone respectively.

Bessel's function of nth order

Stress resultant in the direction of s, ¢, z
respectively

Legendre polynomials

Pressure

Cylindrical radial coordinate
Spherical radial coordinate
Time

Axial, meridional and radial displacement com-
ponent, respectively of cylindrical shell.

Displacement component of cone in the direction of
s and 0

Axial coordinate
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» W, z, etc. Nondimensional quantity of r, s, u, v, w, z, etc.

Defined constant

Semivortex angle of cone

Positive root of Bessel's function of first order
Undetermined constant

Gamma function

Functional errors

Meridional spherical coordinate
plhlai//Dl and pzhzaz//D2 respectively
Defined constant

coso

Poisson's ratio

Density of fluid, cylindrical shell, and cone
respectively

Defined constant

Nondimensional quantity of t
Velocity potential

Velocity potential for steady flow

Natural frequency
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I. INTRODUCTION

In the development of launch vehicle and spacecraft design, a
knowledge of the dynamic behavior of thin-walled fuel tanks is of great
importance. Of prime importance are the natural frequencies and the
corresponding mode shapes of vibrations. In a recent investigation,
the author (Reference 1) studied the coupled oscillations of a liquid
with a free surface in a flexible oblate spheroidal tank. For a better
understanding of such coupling of oscillation, the study of the inter-
action of dynamic behavior of a flexible liquid-filled cylindrical tank
with a flexible inverted conical bulkhead is developed.

A number of studies have been made during the past years of the
dynamic behavior of cylindrical tanks with various shapes of bulkhead.
Bhuta and Koval (Reference 2) studied the problem of sloshing of a
liquid in a cylindrical tank with rigid walls and a flexible bottom.
Bleich (Reference 3) investigated longitudinal forced vibrations of
cylindrical fuel tanks with rigid walls and elastic bottoms of arbitrary
shape. Coale and Nagano (Reference 4) dealt with the axisymmetric
dynamic behavior of a cylindrical shell with a hemispherical shell
bottom. The present study is concerned with the axisymmetric dynamic
behavior of an elastic, liquid-filled cylindrical tank with a flexible
inverted conical bulkhead.

The present method of analysis is based on two previous papers,
one for a hemispherical tank (Reference 5) and one for an oblate spheroidal
tank (Reference 1), both of which are fully filled by the liquid. The
mathematical model for the analysis of such a system is considered and its
geometry is described by a circular cylindrical coordinate system for the
cylindrical shell and a spherical polar coordinate system for the inverted
conical shell as shown in Figure 1. The motion of the liquid is
represented by a velocity potential which satisfies the continuity equation
stated by Laplace's equation. The motion of the shell is represented by
two displacement components, one in the normal direction and one in the
tangential direction. The liquid velocity potential in the cylindrical
shell is represented by a series of the product of Bessel functions and
trigonometric functions. The liquid velocity potential in the inverted
conical shell is represented by a series of Legendre functions. The shell
displacement components for both the cylindrical shell and the conical
shell are expressed in terms of the liquid velocity potential. Coefficients
in these series are selected to satisfy the liquid-shell interface conditions
by the least squared error technique. For the numerical calculation of
the natural frequencies and the corresponding mode shapes, the procedure
is described in detail at the end of this report.

SID 67-212-2
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II. EQUATIONS OF MOTION AND BOUNDARY CONDITIONS

The system to be analyzed is a thin, flexible, liquid-filled
circular cylindrical shell with a thin, flexible, inverted conical
shell. The configuration is shown in Figure 1. For analysis, the
system is divided into four elements: (1) a cylinder of liquid with
a free surface, (2) an inverted cone of liquid, (3) a circulax
cylindrical shell, and (4) a circular conical shell. The liquid in
elements (1) and (2) islassumed to be incompressible, inviscid, and
irrotational. The shell in elements (3) and (4) is treated as a
membrane and hence the bending effects are ignored. For a thin shell
whose thickness-to-radius ratio is very small, such as those in the
present case, this assumption is justified. The inertial forces of
elements (3) and (4) are included in the equations of motion. Only
a small-amplitude, longitudinal, axisymmetric motion is considered.
As shown in Figure 1, the system is restrajined against axial motion
at the lower end of the cylindrical shell but is unrestrained
otherwise. The upper end of the cylindrical shell is unrestrained
longitudinally. '

Figure 1. Liquid-Filled Circular Cylindrical Tank with
An Inverted Conical Bulkhead at the Bottom

SID 67-212-2
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1. Liquid Ly

Motion of the liquid L1 can be expressed in terms of a velocity

potential &, (r,z,t) which satisfies the axisymmetric Laplace equation
in circular Cylindrical coordinates

2 2
2 U LS WL & T )
1 2 T or 2
or oz

where r and z are circular cylindrical coordinates and shown in
Figure 1.

Two of the boundary conditions associated with this element are

X8
1:| =0 (2)

or +=0

which is required to avoid a singular solution at the axis, and

2
[ ]
2 B

ot 9z 7=H

!
o

(3)

which is the linearized boundary condition that is to be satisfied at the
free surface.

The remaining boundary conditions are interface conditions coupling
this element to other elements of the system. At the liquid-shell
interface, the boundary condition is

- — @)

SID 67-212-2




NORTH AMERICAN AVIATION, INC. @ SPACE and INFORMATION SYSTEMS DIVISION

30 .
is taken positively in the direction of increasing r and

where
or
is the radial displacement of the cylindrical shell to be determined

w
11
Between the two elements of liquid, pressure, and

in terms of ¢1.
normal velocity of the two elements must match, namely,

ot 7=b ot 0=1§r
and
a¢1] =.1. ﬁ (6)
S
9z z=b 30 =g

is a velocity potential of the liquid LZ’ and s and

where @
6 are spherical polar coordinates.

2. Liquid L,
Motion of the liquid L, can be expressed in terms of a velocity
ﬁ satisfies the Laplace equation in spherical

potential <l>2(s,0,t) whic
polar coordinates
2’ od

2  cotd 2 0 7)

1
+ = + =
2 a2 Y

The boundary conditions for &, are interface conditions and two
of them are given by Eqs. (5) and (6). The other interface conditions
are :

SID 63-212-2
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T a¢2+ b -z 3¢2

Jrz + (b-z)2 ds r2 + (b—z)2 20

r= a
s=\la2 + (b—z)z
-1 a
0= tan E_-Z—
_
at
{s=da2 + (b-z)2
_ -1 a
6= tan ~ — (8)
and
1 “’2] ) ©)
s 36 ot :
O=a
od 1 0P
where 5s- and 59 are taken positively in the direction of
increasing s and 6 Trespectively and the left-hand side of Eq. (8)
represents the component of ¢, in the direction normal to the
cylindrical shell surface. It“is obtained from
9P 3P 0
2 . n . V<l>2 = 2 sing@ + é cos @ (10)
an 3s ' 20

> .
where n is the unit outward normal vector.

3. Circular Cylidrical Shell Filled with Liquid Ly

Let the coordinate axes be chosen so that z is in the direction of
the generatrix and r is in the direction of the normal to middle
surface of the shell as shown in Figure 1. The axisymmetric differential
equations (Reference 6) for this shell can then be expressed in terms of
displacements ull(z,t) and wll(z,t) as

SID 67-212-2
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3 u ow p,h.a 37u
11 11 1
a ey .11 ‘21 (1)
9z 9z D1 ot
2 .2 2
du,, plhla a,wll ap;
v 2 T Bl 5=+ (12)
oz D1 ot D1
where vy is the Poisson's ratio, Py is the mass density, h1 is the

thickness, and D, is the extensiobnal modulus ( = E.h / 1-v 2) of the

circular cylindri%al shell, and P, is the liquid pressure acting at the
shell wall.

From the linearized Bernoulli equation, the liquid pressure p, may
be expressed as

where pg¢ 1is the mass density of the liquid.

The boundary conditions are

Y11 5 Y12
duj,  dup, at z = b (14)
3z 0z |

which indicates that the shell is continuous at z = b and

u w
N, ] = D, ( 11,, ) = 0 (15)

9z a
z=H z=H

which specifies that there is no axial force acting on the upper end of
the shell. There is no boundary condition which can be applied to w
because with bending stiffness neglected the differential equation is

of zero order in ¥i1

SID 67-212-2
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4. Circular Conical Shell

Let s be chosen in the direction of the generatrix and 6 be
measured in the direction of the normal to the middle surface of the
shell as shown in Figure 1. In this case, the cuxvilinear coordinates
are s and @. Let R, =R_ and R, = Rg be the principal radii
of curvature. Then R_"= « and RO ="s tana where o is a semi-
vertex angle of the cone.

From the general expression of the equations of motion of a thin
shell in terms of curvilinear coordinates (Reference 5), the equations
of motion of the circular conical membrane under axially symmetric
conditions are obtained as

asNS
- = 1
%S N¢1~sfs 0 (16)
Jo_
tana | S(PZ b fo) =0 Qa7
where Ns and N¢ are the stress resultants, fs and f@ are the
inertia forces, and p, is the liquid dynamic pressure acting at both
the circular cylindrical shell wall and the circular conical shell wall.
The stress-strain relations give
= 1
N Dz(es + v2e¢) (18)
N¢ = D2<e¢ + vzes) (19)
where e and e, are the extensional and angular strain,
respectively, and D, is the extenslonal modulus ( = Ezhz/lev22>
of the circular coni%al shell.
The strain-displacement relations are obtained fxom the general
expression (Refexence 7):
au
2
esr\—“— N (,20)
ds
e, = l(u + w,cota ) (21}
¢ 2\72 2 )
-8-
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Substituting Eqs. (20) and (21) into Eqs. (18) and (19) gives

8u2 v
NS = D2 + §( u, + wzcota ). (22)
3s
1( ou,
N¢ = D2 sluy + wzcota) + Vv —;;— (23)
The inertia forces fS and fG are given by
82u2
f =-p.h (24)
[ 272 8t2
82w2
£f. = -p,h, — (25)
0 "2z 2

where Py is the mass density and h, 1is the thickness of the circular
conical shell.

From the linearized Bernoulli equation, the liquid pressure p, may
be expressed as

P2t -

Substituting Eqs. (22) through (26) into Eqs. (16) and (17) gives

du du u oW W P.h.s 97 u
S 22 + ——g- - --2— L V) w-—z- cota =~ —~2— cotg = 2 2 22 (27)
9s 3s s 3s s D2 at
Ju u w p.h.s 32w sp
v—24+ 24 2ot = 22 2 tana - —2% tana (28)
3 s s D, ot D,

where p, ~1is the pressure p, at 8 = a.

SID 67-212-2
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The boundary conditions are
u, = finite at s = 0 (29)

which is required to avoid a singular solution at the apex and

u, - w,otana = 0 at s =¥ a“ + b2 (30)

which assumes that there is no axial displacement at the bottom of the
conical shell.

5. Circular Cylindrical Shell Filled with Liquid L,

The axisymmetric differential equations for this shell can be
expressed as

2 2
97U, W pME g,
a 5=+ V) = 5 (31)
0z 9z D1 ot
Ju p.h a2 azw a2p
2 11 12 2 :
v, t Wy, = - 5= * (32)
9Z D1 Jt D1
The boundary conditions are Eqs. (14) and
U, =0 (33)
z=0

which indicates that there is no axial motion of the base of the shell
There is again no boundary condition which can be applied to w,,.

-10-
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III. SOLUTIONS OF VELOCITY POTENTIALS AND SHELL DISPLACEMENTS
1. Liquid L1

The equations for determining the shell displacements are found by
assuming a simple harmonic motion of the system. For such a simple
harmonic motion, the velocity potential, ¢>1, may be taken in the form

;= azm $1(r,z)c05mt (34)

where ¢ (r,z) is the dimensionless velocity potential for steady flow,
w 1s the natural frequency of the system.

By separation of variaBles, ® (r,z) is obtained in the form

8

—
=]
1 1
_
- -
NN
- -
w W
L] -
[} 1
1 |
] 1
e

(35)

where €10° €20’ ©30° €40° A, ans &, Bn, and Bn are constant parameters,

and JO (anr/a ) and IO<Bnr a) are the Bessel function of the first

kind, of order zero and the modified Bessel function of the first kind, of
order zero, respectively.

-11-
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By the boundary condition, Eq. (2),

e. =e =0 ' (36)

The solution 61(r,z), Eq. (35), may be split into two parts as

- z . .
< th
where ¢1A(r,z) corresponds to the terms €10 * €30 2 and the series wi
coefficients A and represents the flow through the intersection between two
liquids L1 and 2, while ¢1B(r z) corresponds to the series with

coefficients B and represents the flow through the side of the cylinder.
However, both veIOC1ty potentials produce pressure on both the inter-
section and the side.

The boundary conditions for $1A(r,z) and $IB(r,z) are,

respectively,
9% _
1A ] =0 (38)
ar
T=a
and
3¢
1B ] =0 (39)
9z
z=b

By the boundary condition, Eq. (38), we haye

Jl(an ) =0 (40)

from which the constant parameter @  can be determined. By the boundary
condition, Eq. (39), we find

Bnb Bnb
bncos (—-—— ) ~ sin ( ———-) =0 (41)
a a

-12-
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from which

Define

B. b
n
bn = tan (—a—-)

Substituting Eqs. (36), (42), and (43) into Eq. (35) gives

¢1(r,z) =€t AO

The velocity potential <p1(r,z) is then obtained by substituting

Eq. (44) into Eq. (34), as

The constant parameters

PIN

© z-b
2 z cos( n a ) Bnr
P (x,2) = 3w e+ Az *Z By B b I
o ()

n=1

m‘

°10° Bn’ and %n

w from the boundary condition, Eq. (3}, as follows:

-13-
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A g
_ 0
€10 = ("i - “)
a w

B
g —E-tan (Bn Eék-)+ mz =0
2 (46)

2 “n 0th
w~ - g — tanh| —

a a

n o 5 a h
g — - w tanh(——-)

a a

The remaining unknown values, AO, An and Bn of Eq. (45), will be

determined later in the eigenvalue problem.

2. Liquid L2

For a simple harmonic motion, the velocity potential, <Dz, may be
taken in the form

®, = a’w §,(s,0)cosut (47)
vhere &2(5,9) is the velocity potential for steady flow.

By separation of variables, &2(5,0) is obtained in the form

0 = _ _=(n+1)
+ [cns + F S ] [Pn(u) + 6,Q, () (48)

]

;2(536) = CO + _g_
n=1

where p = cos@.

-14-
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In order to ayoid the singularity at s = 0 so that the velocity

potential $2 will remain finite, the coefficients F,» F, and G,
are assumed zero. In this case, Eq. (48) becomes

3,(5,0) = Cy + ) C &P (w (49)

n=0

The remaining unknown values, CO and C_ will be determined later in
the eigenvalue problem. n

3. Circular Cylindrical Shell Partially Filled with Liquid L1

Let the nondimensionalized displacement components 511 and Qli
(1 = 1 and 2), pressure 51 and axial coordinate z be defined by the
relations:

4 2
Pla w .
u =-———§I—— u,, sinot, i=1, 2, - - - (50)
4
pl w2 i _
Mii T D, Y ST i=1,2,--- (51)
P, = Plazm2 51 sinwt, (52)
z=az (53)
=1z
t=-1 (54)

Substituting these expressions into Eqs. (11) and (12) gives, respectively,

-15-
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2~
duy, ! 2-
otV R ST u11 (55)
dz dz
du
11 - 2- -
v . * Wiy = KWWt Py (56)
z
where )
plhla
Ky = 5 (57)
1
Let the nondimensionalized liquid density 5f1’ velocity
potentials 51 and &)1 be defined by the relations:
Pe = P1Pey (58)
¢, = a’u (59)
1 1
H = ¢ 60
®, = ¢ cosut (60)
Substituting these expressions into Eq. (13) gives
22 - = . 61
Py = pra‘w’ Pgid) sinut (61)
From Eqs. (52) and (61),
Py = Pgy ¥ (62)
Substituting Eqs. (50), (51) and (53) into Eqs. (14) and (15)
gives
du du
A -
. 1224 at 7= 2 (63)
dz dz
-16-
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and
du
I, v e, =0 at z = O (64)
- . 11 a
dz
where alc is a constant to be determined later.
From Eq. (56) we find
v du . 1
- 11 -
W11 7 7 - ° 7 P (65)
1 - kx,w dz 1 - «k,w
1 1
Substituting Eq. (65) into Eq. (55) gives
dzﬁn ] ap, o)
-t 8 W1 T - 8oy —
d22 11 711 12 a3
where
2 2
_ Klw (1 - Klw )
&1 7 1.2 2
-V - Klw
(67)
AY)
€12 © 2
1 -vVv - Klm

The homogeneous solution of Eq. (66) is
Uig T Cul cos(‘\’gll z)+ Cu2 51n(\’g11 z) (68)

are arbitrary constants.

ul

where C and C
] u?2

-17-
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The particular solution of Eq. (66) is assumed as

allP = Kll(i) cos(\’gll 2) + Klz(i) sin(\’gll 2) (69)

where
g £, (2) (z)
z) U z
K () = - L L &
) W V11 () U12(z)]
z
) £.(2) U, (2)
K, (2) = 1 - 1 — dz
Wy Uy (2D, U12(Z)]
£@ = -g, $P
dz
0, @) - cos(yE )
U, (2) = sin( £11 2)

wl[Ull(z)’ UlZ(E)]

The Wronskian,

wl[ull(i), ]

(70)

] cos(m ;) sin (J—g; 2)
128 =
- sinlyE; 2) B oos (v 2

-18-
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Thus, from Eqs. (70), we obtain

4 z
K. (2) = —2 p.(z) sinfaf B 2)- g b (2)cos([ BT z)dz
11 2 1 11 12 1 11

11
) ) (72)
- 812 - - - 2o -\ .-

Klz(z) = - — pl(z)co g1 2) - g, f pl(z)sm(‘, 11 z)dz

Ve

Substituting Eqs. (72) into Eq. (69) and adding the result to Eq. (68),
~gives the general solution of Eq. (66) as

. 511 = Cyy cosG’ g1 E) +C sinG, g1 2)
- 2 -— - - -
- 8y, cos("gl1 z )[ pl(z) cos(" g1 z)dz
z AN
+ sine’l g1 2) f p, (2) sin("g11 z)dz (73)

Differentiating Eq. (73) with respect to z gives

-19-
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11 _ . - -

T Cu1 ¥B1p S0 (\’gu z) * Cuz N1 °°S(\lg11 Z)
| - E - - - -

+ ng"gll s1n(\’gll z)f pl(z)cos("g11 z)dz

z
- cos (dgl1 E)] f)l(ikin(‘,gll Z)dE - 84, 1_)1(2) (74)

Substituting Eq. (74) into Eq. (65) gives

- v Cu1 —) v Cu2 -)
" <© Z V811 511 (\‘gu ) - Z NB11 °°S(Vg11 z
1 - Ky 1 - KW
v g 1,g z
12 11 . - - = . =\ .-
- I__:_.z___ sm("gll z) f pl(z)sm("g11 z)dz
- w

1

- cos (Vé-l_l 2) fz 131(2)5“‘(\/51_1 E)di

V8o - . ! - -
t— pl(z) + — pl(z) (75)

1 - Klw 1 - Kqw

From Eqs. (74) and (75),
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1 - Klw

du, . _ 02 -
Pt S 7 ) Cu1 VE11 Sm(\lgn z)

2
\) -
+( 1 - -—-———1 - wZ)CuZ 811 cos("g11 z)

1
\)2 _ z A\
+1 1 - —————1 . wz 312\’g11 sin (\’gll z) f pl(z)cos(1’g11 z)dz
1

) cos(ﬁl-l- z) N f)l(i)sin(Jg‘lT z)dz

2
- v -
'( 1 - _—L——z' )glz Pl(z) + —'_—2' pl(z) (76)
1 - KqW 1l - KW

By the boundary condition, Eq. (64),
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- H
z=-
a
z
g, H - - -
- cos(——-l—l——) / pl(z)sin (1’g11 z)dz
a
- H
z=-
a
A1 v? '(1_1‘-_._\)_._'(*3) (77)
} 7 )81, Pil3) 2 Pi\a -
l-k,w l-k,
1 1
By the boundary condition, Eq. (63),
\/g b g1 P
11 11
- 1,g11 sm(—-————)cu1 + 211 cos( )Cu2
a a
z
‘,g b
_ . 11 - - - -
= - g, 1’g11 sln(——-—;—-——)lf pl(z)cos 1,g11 z dz l .
z=-
a
z
g, P - -\ -
- cos (_.__l_l_ )l/ pl(z)sin (\,gll z)dz
a E=g
- /b -
* gy, By(3) e (78)
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)
2 ‘,g H
Let - (1 — 2) g11 sin( 11 ) = [’11
1-x,w a
1
2 ‘,g H
v 11
1 - g,, @0S ( )= £
( 1-.<1w2) Ve . 12
) o | s )| [, o (i 2]
v 11 -
_(1 - - > ) g1, V811 51n( )l[ pl(z)cos( 841 2 dzl :
Klw a 2=l:l
a
= z
- H)f
11 . 4\ .-
- cos|{ ——— pl(z)sm(‘,gl1 z)dzl
( a > H
Ta
2
v = = (H
*(1' 2)g12 pi(3) - 7 51 (5) = 0y,
1- lw l'Klw
(79)
. g.. b
. 11
- i’gll sm( ) £13
a
g1 0\ ’
8yp CoS || = £y,
a
.z
: g1 b \ - - \ iz l
- ng"gll sin —--;— pl(z)cos ("g11 z)dz L,
Z=a
z
g, b - - -\ .-
- Cos <———1—1——)|/ pl(z)sin (1’g11 z)dz
a - b
Z=a
- {by _
T 812 Pl(a) =hj, )
-23-
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Eqs. (77) and (78) are then written as

£1C * 4202 = by
] (80)
L1501 * £14%02 = ot Y
from which
c - Liah11 - fohip - AYc
ul ~
511£14 - 212£13
- (81)
c - fihz - Bt Bt
u2 L. L, - £,

11714 12713
Substituting Eqs. (81) into Eqs. (73) through (75) gives

£, - £

- 14711 122 - 312 1c '-)

u,. = cos g z

11 1 -1 'J 11
11714 12713

2, ;h.. - £ .h . + £
+

) a )
11712 13711 117 1¢ Si"(ﬂJEII z)
211214 - K12£13

- g, [cos(‘JEII 2) /,Z ﬁl(z)cos(1l§II E)di

+ shl(\ﬁII 2)“[2 51(2) sin(‘ﬁﬂ:'i)di] (82)
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du Lighqy - by - £

léﬁlc - |
— = - 1’g sin(\,g z)
dz L, L -2 .2 11 11

11714 12713

L. h. ., - £ _h. .+ £

u
11"12 T %13M1 Y f1%e -)
Tt i \IE1—1°°S(\Ig11 z

11714 12713

z_
i [on (VB 2) S e iy 3

z
- cos("g11 E)f ﬁl(E)sin(\,gu E)di ] - g, 51(2) (83)

A TV T T P I Ve -\
Y11 ¢ 2 sin|4fg;; z
L1okpw £11014 - 42ts :

VB gy - sty v AU ( - _)
- cos ‘,g z
2 L. L. -2, £ 11

1w 11514 = *12%13

v g ‘,g z

- ©12 11 . - - - -\ .-
- I.T_K.:é._ [Sln(‘,gll z)f pl(z)cos (\,gll z)dz

1

. cos(\/'gl—l 2) fz 5, (2) sin(ng_l E)dEJ

S PR : 5. (2 84
— ;@) +——-m—291(2) (84)

1 -~ Klw 1 - Kl

“+
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4, Circular Conical Shell

Let the nondimensionalized displacement components u, and w

2 2’
pressure §2a and generatrix s be denoted by the relations:
Pza4m2 _
u, = ——— u,sinut (85)
D,
02a4w2 _
Wy = ——— wzsinwt (86)
D,
22 - .
PZG = pza w PZG sinwt (87)
s=as (88)

where P20 is the pressure acting at the conical shell surface.

Substituting these expressions into Eqs. (27) and (28) gives, respectively,

2- - - - -
_duy, duy o, dw 2 2 - -
S ) t—— -t v —— cota - — cota = - sz S uz (89)
ds ds s ds s
du, u, W 2 - -
v — t+t — t+ — Ccota = k,w S W, tana - s p, tana (90)
s - - 2 2 2a
S s s
where 2
. péhza
) =
D2

Let the nondimensionalized liquid density 5f2 and velocity

potentials 52 and &2 be defined by the relations:

-26-
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e = 0y By o)

2 -
- ¢2 =aw ¢2 . (92)
@, = $,cosut (93)

Substituting these expressions into Eq. (26) gives

22 -
p2 = p2a W pfz ¢2 sSinwt (94)

From Eqs. (87) and (94)

Py = Pgr ¥y (©3)

Substituting Eqs. (85) and (86) into boundary conditions (29) and
(30) gives

u, = finite at s = 0 (96)
and
(97)

where

It will be indicated below how the two Equations (89) and (90) involving
two dependent variables, u, and Ww,, can be reduced to a single

. . . -~ 2 2 :
differential equation of u,.
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First, from Eq. (90)

- 2 — -2 -
v s — ¢+ u, +s pZatana

Wy = - ) (98)
cota - K2m s tana

Second, substitute Eq. (98) into Eq. (89),

[ 2 ( 2) 2-2. 2 2 4-4_ 4 ] 294
1 - v" -l 2-v7)k,ws"tan"a + k,“w s tan o S
2 2 -2
ds
2 2 2-2 2 2 4-4 4 - daz
+ [1 - v - (2+v )sz S tan o + Kk, w S tan a ] s ——
2 ds
+ [(l—2v + COtza)K m2§2tan2a - (2 + tanza)K 2m4§4tan2a
2 2
+ K 3w § tan4a] u
2 2

_ -2 2-4_ 2 =2\~
= (- St Kk, s tana + 2vs )pZGtana

dp
+( 1 - K2w2§2tan2a)v g3 2a tana (99)

ds
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Simplifying Eq. (99) for the case « w?s%tan’e « 1 gives

2
2- -
d“u du
2,1 2.2 -5 (100)
-2 - - 2 2
ds s ds
where
1 -2v ¢ cotza
XA
= K, w tan o
2 2
1 -wv
_ (101)
dp
£.(s) = - l_:_ZX.ﬁ tana + — s 22 ¢ ang
2 2 Y2a 2 -
1 1l -y ds

Multiplying both sides of Eq. (100) by §J0011§), and integrating
from 0 to 2 gives

z 2- -
_ d u2 du2 L 2.
s( -+ — )Jo(uis)ds + N0, = F, (102)
0 ds ds

wni=

where 62 and Fz are the finite Hankel transforms of u. and f

respectively, and defined as

Uz(ui)=f0 5 4, (3) Jo(pig)dg (103)
2
Fz("i) = f ) 5 £,(5) Jo(uiE)dE (104)
where
2ay1e(t) (105)

~-20.
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The first term on the left-hand side of Eq. (102) is written as

£ 2— -
d"u d

s ( . -f£a>J0(ui§)d§
ds s ds

(106)

HS
<~
o
——
—
=
wi
S ——
wni
)
.S
s———]
o)
+
=
H-
.\ev
wmi
[
—
—
=
[
wi
S ——
| a
| c
[a W
wni

Recognizing that du /&5 must be finite from physical considerations, the
first term on the right-hand side of Eq. (106) becomes

(107)

The second term on the right-hand side of Eq. (106) can be again integrated
by parts as

) Z[K‘ (ks5)3, @5 )
- M, s J p.s)u, ds (108
0 i 0 o\"1 2

= pyu, S Jl(“ig)

From the boundary condition, Eq. (29), the first term on the right-hand
side of Eq. (108) becomes

TPER(NIIAN (109)
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Substituting Eqs. (107) through (109) into Eq. (106) and using the
definition, Eq. (103), gives

£ ) dzﬁz daz B
] R JO(P.s)d§
- - i
0 ds ds

=

du,, ) .
= Jo(ui?_)l g’ i + #iJl(uiZ)Z u, - "y U2 (110)
£ £ '
By choosing the H, so that
du
2 -
Iolk;2)2 ;g_]- cugdy(m YT G, ]_ =0 (111)
£ £
Eq. (110) may be written as
to(dk, | an, ) .
5 w2 =203 (n,5)a5 = - 7T (112)
-2 - = 0 i i "2
ds s ds
0
Substituting this expression into Eq. (102) gives
0. = —2 _F (113)
2 KZ 272
o

- 2 Hi %2 :
= = E . — (114)
27 ol GRS TR I LR B TR
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where duz]

ds 7
u
Z]Z

and the sum is taken over all the positive roots of Eq. (111).

o= - (115)

The numerical value of O can be determined by an iteration scheme.
An estimated value of o is first chosen. The numerical value of

[dﬁz/hé] u, at s = 2 is evaluated next. This process is repeated for

successive values of o until Eq. (115) is satisfied. An approximate
value of o is, however, determined by assuming that the resultant of
the hydrostatic pressure acting on the conical shell surface in its
tangential direction is negligibly small compared with the resultant of
the dynamic pressure. For this case, the stress resultant, NS of

Eq. (22) can be approximately put equal to zero at s = 2, i.e.,

du, )
—_ + 2 u, + W, cota } = O (116)
2

ds 7 2

£

Substituting the boundary condition, Eq. (97) into the above equation
gives

du, ) )
—= | « Y4, cosec“a = 0 (117)
as 1, 2 2
£ L
from which
d‘-‘z] ,
ds 13
£
62]- ¢
£

Substituting this expression into Eq. (115) gives
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(119)
Substituting Eq. (114) into Eq. (98) gives
2z ) ) )
_ 2tana Hi 2 VSH, Jl(uis) - JO(#is)
W, = i -
2 2 }E: 2 2 2 2 2
t = (o ey (A - #) [Jo(ﬂl Z)]
- 52 5. tan? (120)
Py tana
where
4
F, =f0 5 E,(3) Ik, 5)es
(121)
o]
Pra” Pe2|Co t 25 Gy S Py
n=1
Substituting the expression, §2a of Eqs. (121) into the second equation
of Eqs. (101) gives
2 = 1 - 2v -
fz(s)— i ) C tana
1 -
1-2v - sn
- s E C Pn(y)tana
1—\)
- -n
+ X 5 Py E nC s P (utana (122)
h n=1
-33-
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5. Circular Cylindrical Shell Filled with Liquid L,

Referring to Eqs. (73) and (75), the general solutions of two
simultaneous equations, Eqs. (31) and (32) are obtained as

Uy, = Cu3 cos("g11 z) + Cu4 51n(1’g11 z)

- 81, [cos (\VEI—I- Zfz I-’Z(E)Cos(ﬁ E)di
+ sin <\/§1_1 g)le_)z(z) sin‘(ﬁ 2\d2 ] (123)

v \Y)
= — u3 . - ud -
Y127 Z N8 S0 (\}gn Z) Z 811 -°°s< Ve z)
1 - 1 1 Ky
v glzjgu . -) /‘2 - ( -) .
- — wz 51n(“g11 z pz(z) cos 1’g11 z)dz
l .

ﬁz(i) sin("g11 E)di

]
(]
(o}
72
B
9]
—
o
NI
S

_ 1 - .
t ———=5p,(2) + ———5p,(2) (124)
1 - KW 1 - Ky

where 52(2) is obtained from Eqs. (49) and (95) and the coordinate
transformation as
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w n )
- =2 2
pz(z) = pfz CO + Z Cn[]' * (b—Z) ] Pn(“z)
.oy > (125)
w = b -z
z R
\/1 + (b - z) /
The boundary conditions are
du
12 & at 7 =0 (126)
- 1c a
dz
- - e 2
u, 0 at z 0 (127)

From Eq. (123),

- = - Cu3 VE11 sin(‘,gll 2)+ N cos( 211 E)
z .
z
+ gl?_dg11 [sin (1,g11 Z) f f)z('z') cos( 21 'z)dz
_ - o
- cos (1 ’gll E) I 132(2) sin ("gll Z)di - 81,p,(2)  (128)

By the boundary condition, Eq. (126)
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o
o |
—
—
S ———
+
(@]
=
F=S
o
—
—
o
(@)
7]
—
o
oQ
—
[
N ———"

- Cu3 gl1 sm(

b‘,g z
. 11 - - -\ -
+ £12 9 ,gll sm( N )l f p2(z) cos (‘/gll z)dz
- b
z=-
a
b 4/g z
11 I J{ - ( -) a
- cos pP,(z) sin ‘,g z)dz
( a ) 2 Vo1l Iy
=3
- (by _ =
- 812 Pz(a) = Y1c : (129)

By the boundary condition, Eq. (127)

(130)

E .
C113 = g12| f pz(z) COS(\/gll z)dz

"z=0

Let
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23

b\IElT)=£

a

H-\/gj sin(

'b 811 -,
Ve cos = Loy

sz
g1, l f 132(2) cos (1,g11 Z)di

z=0 > (131)

b‘lg z
11 )l/ B, (2) cos(,[g“11 z)dz

a

- 812 \}gn Si“(

byVE\[[© . - . -\ .= -
- cos(————)l/ pz(z) sin (11311 z)dz ot 312P2(g)= h22

a - b
zZ=<=
: )
From Eqs. (129) through (131),
Cuz = By
- (132)
c - hyp = Loghyy * Uy
uqg "~ P
24

Substituting Eqs. (132) into Eqs. (123), (124), and (127) gives,
respectively,
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- £,;h

‘ ~h +u
- = 22 2321 lc . -
Uy, = h21 cos(,,gll z) + . 51n(‘,g11 z)
24

.z
- glz[cos( £, E) f 52(2) cos ("gll E)dz
_ z
+ sin ( 2], z) j. ﬁz(E) sin(‘,gll E)dE (133)

- AV . -
Y12 T 7 o1 WB1; Sm( 811 Z)
l - kw
1
h,, - £ .h,. +u
v 22~ *23'21 * Yic -
1ok %24 VELL cos(vg“ Zi)

v g12\1—3-1—1
— 7

l-Klw

[ sin(\/gl—l E) ‘fE p,(2) cos(\l—g: z)dz

cos (V7 ) f 5, sin( By z)dz]

VB - - 1 -
t % p,(2) + ———5 p,(I) (134)

1 - kyw 1 - kyw

1 1
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Q..I
N

|

h - Z h +u

22 2321 1lc -

- - . -\t g cos("g z)
h21 gy, sin (1,g11 z) £ d 11 11

(a9
N

:
o o () S 80 o )
- cos(“ ’gll E) f 1—)2(2) sin (1’g11 E)di] - glzﬁz(z) (135)

From the solutions Eqs. (82) and (133) and the first boundary condition
of Eqs. (14),

u;. cot 1’g11 (H-b) = u . tan (1’g11 b)

h h
i} 11 - g1 "2
. ( 2 ) - hy, cot \fg); (H-b) +
1 - ———— ) singfg,, U?[-B) COS( B)
L Klwz 11 W £l

t h,, tan(d'gl_1 B) + glz"g11 {[ fpllﬂ_)) - fp21(5)J cos(‘,gll 5)

+ [_fpuﬁ_’) - fPZZCB)] sin (\}gu 5)- ; (136)

-39-



NORTH AMERICAN AVIATION, INC. @ SPACE and INFORMATION SYSTEMS DIVISION

where fpll’ fp12’ fp21’ and fp22 are defined, respectively, as

_ o N
fpll(b) = 1(2)] = _j. p,(2) cos(,’gll z)dz ]
z=b z=b
_ _ z N
£1,0) = £,,0] = 7 5@ sin(yE; 2)az |
z=b z=b

(137)

z |
fpn(B) = fpzl(E) l = f p,(2) cos (\[EH E)di
Z

A

£00(®) = £,)(®) ] = J 5, sin (\/El; 2>d§ ]
z z

From which

singfg); (H-b) cos( 811 B)

lc © -
¢ cos (1’g11 }l)

u

X - h,. cot gll(ﬂ-ﬁ)

2 12
(1 2y Jsim g o

1311 21 -
+ -+ h22 tan("g11 b)
cos (\'gll b

+ ngJg_II { [fpll(B) - fp21(5)] COS(Jg_lT l_))
. [fplz(B) - fpzz(B)] sin (\/§1_1_ 6) } H (138)
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IV. MATRIX EIGENVALUE PROBLEM

The eigenvalue problem for determining the natural frequencies and
corresponding mode shapes of the coupled liquid-shell system is formulated
using five equations which were obtained as a result of imposing the
necessary boundary conditions. These five equations are Eqs. (4), (5),
(6), (8) and (9), Other than the trivial solution in which all the
unknown constants are zero, it may be seen that the sexries in these five
equations cannot be satisfied texrm by term. Hence, some approximate
numerical method of solution must be used. The approximate method used
herein to formulate the eigenvalue problem is based on the least squared
error technique. Although the series representations for the velocity
potentials, Eqs. (44) and (49), would represent an exact solution if an
infinite number of terms were used, as a practical matter, the series must be
truncated. Since the chosen velocity potentials satisfy the differential
equations and non-interface boundary conditions exactly term by term,
it is the five interface conditions that suffer. These conditions can
be satisfied only approximately. The functional exrors can then be
defined as:

. %y .
€, = —— ﬁKlwll (139)
or |
r=l
3% 3
:, = -—1] _P 2 (140)
3z s 9
_-E 0—”
=3 973
2:.. 0:.1..7
a 2
23
- .12 - 142)
€4 -"‘] = Bxa"2 (
s 9
=2
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- b - -
- 1 3, . S -z 39, .y
5 > o5 b -\2 g K1712
b - 1 +( - -z
1+ - -2z a
a 2
s= ‘L.+ (13 - 2)
a
-1 1
f= tan T (143)
-~ - Z
a
where Ek (k =1, 2, 3, 4, and 5) 1is defined by the relation:
g = 2w ekcoswt (k=1,2,4,5)
€, = - a’w’ E_sinut (s
3 = w' e sine
and
P1a3w2
P = __"D
1
, 32 (145)
2
Byo =
DZ
With these expressions, the total integrated squared error, S over the
boundaries involved can he expressed as
Sp =8, + 8, +8,+5, ¢ 5, (146)

where
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where
3
_ 2 -2 -
sy -2t [ 2 k8, 6 5 T
2 1 - 2 I
S, = 2ma j; e, (An, C=, T)TdF
2 1 2
S, = 2ma j; e (An, B, Cx, r)rdr (147)
7 | n-=0,1,2,---,N
_ 2 -2 -\- . - "
S4 = 2ma jl) £q (Cﬁ, Cﬁ’ s)s sinads n=2n
b n=2n=+1
_ 2 - 2 -\ -
S, = 2 | (A, B, Ca» C=, Z)d2

but B, =0, and H=H/a, 2 = £/a, and b = b/a.

The frequency,  and constants, Ah’ B_, Cﬁ: and Cﬁ are then

n

determined by minimizing the total integrated squared error S

conditions for this minimum are

BST
3A
< m

=]
=]
u

2m
2m + 1

]
=
81 2>
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Substituting Eq. (146) into Eqgs. (148) gives

a5, 95, 35, S,

oA oA oA oA
m m m m

381 353 385
oB oB 9B
m m m

(149)

851 883 384 885

3C. aC.. aC 3C.
m m m m

39S aS aS 3S

1,2, 24 s o
3C- © 3C- & 3C- ' 3Cw
m m m m

Substituting Eqs. (147) into Eqs. (149) gives

H - a - B s
- 1 " 2'- 3‘_‘_ - 5 _—
/ ETZ / TI‘ / Trdr+/ ESTA dz = 0
m
b 0
- - B -
“““1 z -—if + £ ——~—a€5d'z'—0
B oB 5 3B =
m
0
" E:E‘di -:é- —Ef-" ing dS + 5 : %% dz = 0
€ BCﬁ 63 acﬁ Cﬁ s sina ds ESBCﬁ
) 0 0 0
’ ) 1 %, 2 %, ’ %5
e s At B - N - - -
€1 5o dz + 2 EE:-rdr + 4 360 S sina ds + €¢ EE:'dz =0
B n 0 m 0 m 0 m

(150)
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Eqs. (150) are a set of homogeneous algebraic equations for the constants

A B, Cﬁ and C; with w as a parameter. These equations can be put

into the form of a matrix eigenvalue problem.

The substitution of solutions for the error functions, Eqs. (139)
through (143), together with solutions for the velocity potentials,
Eqs. (45) and (49), and the displacement components, Eqs. (82), (120) and
(134), into Eqs. (150) yields the following matrix form:

- . ~ =) '
L 1mn Lomn I13mn I 3mn An )
I imn Lomn L 3mh 1 3mA B
> =0 (151)
I31mn I3omn I:3mn I33mn Ca
| 13100 L2 omn Issmm I22mn 5 )
where Iijmn (i,j = 1,2,3) 1is a function of w.

This linear algebraic system of 4 x (N+1) homogeneous simultaneous
equations has a non-trivial solution only if the determinant is zexo.

The matrix eigenvalue problem formulated above can be solved only
with the aid of a digital computer. The method of solution consists of
searching for values of « that make the determinant of a set of
simultaneous equations, Eqs. (150) vanish. An estimated value of the
frequency w 1is first chosen. Numerical values of the coefficients, A
B, C,, and C; are evaluated next. This process is repeated for sucCessive

successive values of © until a zero value of the determinant is found to
a desired degree of accuracy.

~45-
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V. PROCEDURE FOR NUMERICAL CALCULATIONS

The eigenvalue problem for determining the natural frequencies, u,
and the corresponding mode shapes, An’ B > Cﬁ: and Cﬁ has been

formulated as a linear algebraic system of 4 x (N+1) homogeneous simul-
taneous equations. Such 4 x (N+1) algebraic equations with respect to
4 x (N+1) wunknowns, An’ Bn’ Cﬁ and Cﬁ written from Eqs. (151) as)

N
2 (T1mefn * TizmnPn * TiswiCh * TismnCa) =
N
on (Y21 * T22mn®n * T2smaa * TosmiCh )= ©
(152)
N
;EO (Ts1imtn * T32mnPn * Ts3aaCh * IssanCa) = O
N
2 (Tstintn * Taomn®n * TssaaCa * Ly5inCa ) =

m=2m, m=2m+ 1;m=20, 1, 2, «ee, N

where Iijmn (iand j = 1,2,3; mand n = 0,1,2,---,N) is a function of w.

Obviously, An = Bn = Cﬁ = Cﬁ =0 for n=0,1,2, -=~, N is a

solution of Eqs. (1). There éxist, however, other solutions of the
determinant of Eqs. (152) is zero. Thus, from the condition that the
determinant of Eqs. (152) is zero, the frequencies w are found. Hence.
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D Tizem Tismd lizm
I21mn I22mn I23mﬁ Izsmﬁ
=0 (153)
Islﬁn Iszﬁn Issﬁﬁ Issﬁﬁ
T318n T32mn T33mn T3amn |

&

Let A k, and solve any 4 x (N+1) - 1 of Eqs. (152) for the unknowns

0,
An (n=1, 2, ---, N), Bn’ Cﬁ and Cﬁ' For an example, solve the
following 4 x (N+1) - 1 simultaneous equations in 4 x (N+1) - 1
unknowns :
)
N _ N _
> DimPa * 2 (TiomPn * T3mala
n=1 n=0
* LamiCa )= = 1yamo
N - N _ -
> Limfn * 2 ( LoomPn * T2smala m=0,1,2,-~-N)
n=1 n=0 ",
* 123mn ) Lo1mo
a54)
N N i g
> Lsianfn * 2 TsoanBn * TszaaCa
n=1 n=0
* IggaaCa) = = Typag
N N -
;z Lsgin'n * ng( Lsomntn * Lssmica
(_m = 1:2,""‘N)
¢ Iggeala) = < Igag | )
-48-
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where A_= A /k, B =B /k, C~ = C»/k and C-~ = C-/k.
n n n n n n n n

>

Eqs. (3) can be solved for Rn, B and Cﬁ by the aid of a

digital computer. Known coefficients, I of Eqs. (3) are calculated

n
in Appendices A and B. +Jjmn

-49-
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CONCLUDING REMARKS AND RECOMMENDATIONS

The solutions given by Equations (152) have been programmed and
computed for the first three terms (n = 0, 1, 2) of the velocity
potentials. This computer program has solved for the natural frequencies

and the corresponding mode shapes. The results of the numerical computation
are shown in Figures 2 through 4.

In the numerical calculation of the natural frequencies of the system
shown in Figure 1, some difficulties have been encountered with the
computer program to find zeros of the eigenvalue determinant accurately.
With the present method of analysis, however, the zeros of the eigenvalue
determinant are not necessarily points where the determinant changes its
sign but are the minimum points where the determinant approaches zero.
Thus, refining the computer program to improve the search for the minimum
values of w, three natural frequencies: w = 14, 25, and 39 rad/sec, have
been found. From the solutions for the free vibration of a complete
circular ring (Reference 8) and those of a circular cylinder with rigid
bottom (Reference 9), the natural frequencies of the present system
(a/h, = 2000) can be roughly estimated. Their numerical results show that
the natural frequencies for the first three modes range from 13 to 45
rad/sec., approximately. Thus, the present method of analysis yields
fairly good results.

In the numerical calculation of the mode shapes of the circular
cylindrical shell, it has been found that the normal displacement does not
satisfy a continuity condition at the boundary where a cylinder of liquid
and an inverted cone of liquid match. This unsatisfactory result is
obviously due to the fact that there is no boundary condition which can be
applied to the normal displacement. because with bending stiffness neglected
the differential equation of motion, (Equation (12), is of zero order in the
normal displa ement. To satisfy this continuity condition, a constraint,
lel - wlZT- _ =0, has been imposed on the matrix eigenvalue equation,
z=b
Equation (151), by introducing a Lagrange multiplier A,. On the upper edge
of the circular cylindrical shell, z = H, one more constraint, wlll- =0,

z=H
The corresponding Lagrange multiplier is denoted by A,. With these two
constraints, the matrix eigenvalue equation, Equation %151) has been
replaced for the present numerical calculation by
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Uibn | %11bn A
Iijmn inbn 912Hn B

94 3bn 913Hn € =0
93 3bn 913Hn “
9%G1bn Yizbn YisbA Yizbn 0 0 A
QG1an Y200 Yzwi U3mn 0 0 A2

where

%1bn = Y1bn T 931bn
9%2bn T Y2bn ~ Y3260
9%3ba - Q13ba - 433bA

943bn T Y13bn ~ 933bn
The continuity condition for the normal displacement at z=b are then well
satisfied as shown in Figures 2 through 4. Computing the unknown constants

An’ Bn’ Cn and Cn and two Lagrange multipliers Al and AZ

for the natural frequencies w = 14, 25, and 39, the three corresponding
mode shapes have been found and shown in Figures 2 through 4.

The numerical results show that the present method of analysis yields
reasonable results for both the frequencies and the mode shapes. An
advantage of the present method is that the solutions do not necessarily
have to satisfy the boundary conditions exactly but they need to satisfy
the functional errors derived at the boundaries approximately. By intro-
ducing such functional errors, the present method can thus be developed
to a problem with the more complicated boundary conditions. A tank
partially filled with a liquid is known to be a very difficult problem
because of the complicated nature of its boundary conditions. As the
next problem, therefore, it is recommended that the longitudinal
oscillation of an elastic cylindrical tank with a flexible conical bulkhead,
partially filled with liquid, be investigated by the method of analysis
presented here,
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TABLE 1

Physical Characteristics of A Liquid-Filled Circular

Cylindrical Tank with An Inverted Conical Bulkhead

Constants Numerical Values Units

a 200 v In.

b 200 In. 2

g 32.2 X 12 In/sec
hi(i = 1,2) 0.1 In.

£ 141.4 X 2 In.

1.099 ><'106 L /In.
7 bf 2

E 10 Lbf/ In.

H 400 In.

v 0.3 .

. -4 6/ 4
Pi(l 1,2) 2.59 X 10 Lbeec In.
pei(i = 1,2) 1.06 x 107% Lbeecz//In.4

a n/4
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Figure 2. Axisymmetric Mode Shapes for a Liquid-Filled
Circular Cylindrical Tank with an Inverted Conical

Bulkhead, f = 2.23 cps
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Figure 3. Axisymmetric Mode Shapes for a Liquid-Filled
Circular Cylindrical Tank with an Inverted Conical
Bulkhead, f = 3.98 cps
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Figure 4. Axisymmetric Mode Shapes for a Liquid-Filled
’ Circular Cylindrical Tank with an Inverted Conical
Bulkhead, f = 6.21 cps

-57-
SID 67-212-2




Ve

/
NORTH AMERICAN AVIATION, INC. @ SPACE and INFORMATION SYSTEMS DIVISION

APPENDICES

A. Liquid Velocity Potentials $1(i,2) and Ez(g,y)
and Shell Dis placement Components ﬁll(i),
wlz(z) and wz(s)

The liquid velocity potentials, $1(§,2) and 52(§,p) and the shell
displacement components, Qll(E), Qz(g), and GIZ(E) have been obtained and

expressed by Eqs. (44), (49), (84), (120), and (124), respectively. These
are put in the following forms: :

9 (r>2) = 2 (q4rznAn * Q51znn )
n=0
FICHO n25 (q65pﬁcﬁ ¥ q6spﬁcﬁ)
. c. c.) A-1
wyp(2) 320-(q112nAn Y Q39508 } qlSann * 413,55 ) (-1
"2 = 2 (%1sa% * %216
(s o]
w12(z) E: (qSIZnAn * Q33208 * qSSZﬁCﬁ ¥ q33zﬁcﬁ)

=
n
(=]

where are the function of independent variables,

o rzn® dsrzn’ ~772 93321
r,z,s and pu which are shown by the subscripts, r, z, s, and p , res-
pectively. These functions will be derived herein from Eqs. (44), (49),

(84), (120), and (124) by integrating the pressure terms given in Eqs. (121)
and (137).

One of the pressure terms involved in the variables, B1sh and 91sh

is Fz(u.). Thus, substituting the second equation of Eqs. (101) into the
first“equation of Eqs. (121) gives

=50-
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£

Fz(pi) = —‘-i% 5f2 Cotana./(; s JO([LiE)dE.
~ 1-2v-nv - o l -n+1 S
- nz=:1' 7 Py CnPn(ua)tano:/(; s Jo(pis)ds

The first and second integrations of Eq. (A-2) are, respectively,

L o 7 -
_/; s Jo(“is)ds = 7[%%(“11') ‘
d z
: ‘/; e JO(“ig)dg ) _i+2 n“iz JO(MIZ) >
i
) _ _ rf{1+ 5
* Sn,—l(ul’e)+ “1£ "]1(’li£)sn+1()(N'lz')+ 2n+1 f(‘ 92; )
2

where § and S
n,-1 n+

respectively, as:

1.0 are Lommel functions and expressed,
’ .

= 2m+2
i o _ -n" (‘i) F(l + r-‘) r(r-’)
S“"l(”'iz) =(#i£)n : Z | I‘(Z + é + m)I‘(l + §2+ m)2

m=0

+ 2" (1 s g)r(g) { sin[%(nﬂ)n] I_y(rs2) - cos[%(nu)n] N_(k

n=2,4,6, ---

-60~

SID 67-212-2

(A-2)

(A-3)

2|




e

/
NORTH AMERICAN AVIATION, INC. @ SPACE and INFORMATION SYSTEMS DIVISION

) m

Sn,— i n1z (-1) T(m

m=0 (u_lf.) T
2

. o[(uiZ)“'zp] n=1, 3,5, ---

Lo+
2
1
(z 1““

N-l“‘iz) [Bessel functions of the second kind]
n. 2 _

= - 2| (n 2=+ 0.5772157--- ) (1,2) -

” 2 it n.2

nz 1+ (1 + %) (uiZ)s_ N .]
: -

B Lo

ni C ”m('zz) r(1+ 3)r(1 + )

=0 I‘(2+I-1+m)r(2+r—1+m)

e 2" o1 g)r(l + g) {sin[%(n+1)n]J0(pi2) - cos[%(n+1)n]NO(uiZ) }
n=2,4,6, ---

Z _
No(uiZ) ;{(kn ﬁ%— + 0. S772157--—)J0(ui2)

sl A ] ]

2% 21)

-61-

SID 67-212-2




e

, ,
NORTH \AMERICAN AVIATION, INC. @ SPACE and INFORMATION SYSTEMS DIVISION

| i Gl)m.r(-}n+m)ré-}n+m)
sn+1,0(ui-2)=(u.2)“ Z ~ = 2 2 -+o[(u‘2)“*1“2P]

1

n = 1: 3: 5: -T=

Substituting Eqs. (A-3) into Egs. (A-2) and letting

(A-4)

the pressure term Fz(ui) of Eq. (A-2) may be written in the form:

Foks) = Pgy nZ [fJiﬁ("i)Cﬁ *‘fJiﬁ("i)Cﬁ-] (A-5)

The other pressure terms are defined by Eqs. (137) and they are
written as follows:
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£, = [2 B, (2) cos (VEy] z)dz
fplz(i) = jﬂz B, (2) sin(v/g;; z)di

(A-6)

z
£ =./‘ P, () cos(v/g;; 2)dz

z
£, = | 5,0 sin(yeEy] 7)a

Substituting the pressure, p,(z) from Eq. (62), together with Eq. (44)
into the first two equations Of Eqs. (A-6) gives:

: sin (‘/El_l §)+ —g—l—— cos (‘/'g—l_1 2) bt sin(‘/q E)]AO

11 - 11 \ 811

fpll(z) = Pgy [

. ®n %n - —
+ Z An — cosh(afl_1 z)cos(‘/g11 z)
n=1 ‘

0Ln +g11

+ f_n_z\_/___r}_l_ sinh(ani)sin(‘/gl—l E) + ;—ZE———— sinh(ani)cos('\/lg—l-l— E)
“n 811 ~ *n 11

+ —-f-—-gj—l—-l_ cosh(a E)Sin(g/é-;; 2):’ Jo(an)
% ‘811

) = BnIO(Bn) sin[(s - ‘/El.l—)i - Bnﬁ]
n=1 COS(BnB) 2(Bn B ‘/g_l-l—)

(A-7)
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é .
fp12(2) =Pn l: - ‘/;1)'; cos(‘/QH E) + gil sin(/g—l_l z)
. cos(‘/g;; E)J A,
811

S| oo in arr £) - Y (e 3o (v

n=1 %n Y811 ' *n +g11
+ i sinh (a E)sin(\/é?l_ z) ——2—@— cosh(ani)cos (‘/El-{ E)]Jo(un)
% "B %n "B11

+ n (A-8)

For Bn = V'8, » however, the last terms of Eqs. (A-7) and (A-8) become,

respectively,
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Similarly, substituting the pressure, p,(z) from Eq. (95) together with
Eq. (49) into the last two equations of “"Eqs. (A-6) gives:

fp21(2)

£,02(®)

where

z
= Py COf cos (/é‘;l— Z)d;.

NI S

+ Zw: Cnfi[l + (5—2)2] Pn(uz)cos (‘/g—ll_ E)dE (A-9)
n=1

o, e S sin (Vg 3)a

- n
+Z cnfZ [1 * (5-5)2]2 pn(u 2)s,in(\/g'l'l' E)dz (A-10)
n=1
b -z
K- = p(z) = (A-11)

: ‘11 & (b-2)°

If the semivertex angle of cone, o is greater than n/6, the follow-
ing approximation holds for the present system where the tank is fully
filled with a liquid:

.

cos(‘/q E) =~ cos (‘/El—l- B‘) —'g—él #.2 cos(‘/ézf))

1-it
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sin(\/a; E)' = sin(\/ézl-))— E—%-l— L 5 sin(\/-g—l_1 5)

3
2
g 3 _
- V/gll = - cos (,/g11 B) + i: # 3 cos(\/gll b)
1-p (1_#2)2

For this approximation, the second integrals of Eqs. (A-9) and (A-10)
become, respectively,

N
NI 3

|
—
+
)
o
|
N
—
| S——
lavl
=
=
N
~—
[g]
@]
72}
—
oQ
—
—

N
n——
[a W
Nt

L (A-12)

and

where
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HCl = - V/gll sin(‘/g11 B)
H, = —( 1- 1g )cos a/E—— B)
c2 2°11 11

(
Heg = 3811 cos(VE B)

Hos = 5811 sin (VEp B)

o = - sin( V&) B)

Hoy = Ve cos (v b)

Hsp = - ( 1- %gn)sm (Va7 B)
Hss = (gll - é 11 )°°5(\/_g:5)
H , = 38, sin(V/& B )

_ 1 2 =
Hos = - 581 cos(vey B)
The general expression for the Legendre polynomials is expressed as

- N

k
pn(#) - Z n(—1) (2n-2k)! #n—Zk (A-13)
=0 27k! (n-k) ! (n-2k)!
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t
N s

- =2 _ B
(b-2) ] pn(#E)COS(V/EII Z)dz

e~ (-D¥ten-2i b yen-2k
:E:::E: == "JL—'——T—T d#
: 2"kt (n-K) ! (n-2K) ! nrir

i=0 k=0

o]
—
—
+

(A-14)

:E::ié: -1)¥ (2n-2k) 1 H_, d/f“_ yien-2k

= -———-———.—-ﬁd#

n n+i+l

i=0 k=0 2°k! (n-k)! (n-2k)! ) —5—
)

From the integrated results: Eqs. (A-7), (A-8), (A-9), and (A-10),
together with Eqs. (A-14), the pressure terms: fpll(z)’ fplz(z), fp21(z)

and fpzz(i) of Eqs. (A-6) are written, respectively, in the forms:

fpll(i) © Pay Z; [flzn(E)An * f22n(2)Bn ]

fplz(i) K 5f1 Z; [fSZn(Z)An * f4 (Z)Bn ]
n=0 (A-15)
fp21(2) - 5f2 32% [fSZﬁ(E)Cﬁ * szﬂ(z)C

£522(2) = Pgy 52% [fszﬁ(z)cﬁ * £ (20

where
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flzo(i) = b/é%; sin(y/EII 2) + E%I-COS(V/EII 2) + V/EII sin(y/EII E)
flzn(E) = I:;——Z—il—:i cosh(ani)cos</g—1_l_ E) + :—né‘f———z—i sinh(an2>sin(‘/gl_l 2)
n n
+ ;—;%;:;-sinh(ani)cos(vﬁii; E)
Ve, ] _
+ ;2-;—;?; cosh(anz>sin (‘/g_l—l z)} Jo(an) nz1)
£220(8) = 0
e o o) Y[ (s - /A - 8]
2zn cos(B 5) Z(Bn V/EII'>
sin [(Bn + V/EII)E - Bnb]
+ Z(Bn +/g_1_1) (n 2 1)

- é - - > -
fSZO(Z) = - v/%gz cos(v/EII'z) + —II 51n<v/§II'z) - V/EII cos(v/EII z)
fSZn(E) - l: —-;13‘2— cosh(an§>sin (/g—l-I Z)- ir-l-é—@ sinh(an2>cos (‘/g—l—l_ E)

%0 811 %n *811
Ve

+ —Z—n——- sinh(ani)sin <‘/§_1—1 E) - -2—1—— cosh(ani> cos<\/g_1? E):IJO(an)

% *8yp °n TB11
(n 2 1)
£, (z) =0
4z0 (Continued on next page)
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fAZn(E) -

2(Bn+ \/EIT) ,

5 N k,,~ u ~
-1XR-2k) 1H_. i+h-2Kk
OED I D = f e

'=0 k: n ! A_ ! A_ ] n+1+1
i 0 2 k!(n-k)!(n-2k)! (1 2) 5
-u
- (- 1) (2n-2k)! H i # i+n-2k
n I
szn(Z) — dpu
i=0 k=0 2 k'(n -k)! (n-2k)! n+;+1
(1-42)
> ~
- I (-l)k(Zn-Zk)! Hsi H i+h-2k
f62n(2) = z : E : N & —— dpt
i=0 k=0 2nk' (A-k) ! (A-2K)! n+12+1
(1-4)
> o (—1:k(zﬁ-2k)1H . K o2k
(z) = Si ® d
6zn - — 2 (A-16)
i=0 k=0 2"k!(n-k)! (A-2Kk)! nr;+1
2
(1-¢)

The substitution of the expressions for FZ(“i)ofpll(z)’ fplZ(Z)’
£ 21('i), and fpzz(z) from Eqs. (A-5) and (A-15) into Eqs. (44), (49), (84),

(120) and (124) yields, after the lengthy mathematical manipulation, the
expressions for AYrzn’ dsrzn? "7 23,5 ° which are the functional

coefficients of A, B, C. and C-, as follows:
n’ n’ n n
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q4rzO

q4rzn

quZO'

qSrzn

q6suﬁ

q6Suﬁ

qllzn
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_ [anSinh(qn£)+ cosh(anz)] 3o(e ), m = 1) (A-17)

- - Io(an)’ (n =2 1) (A-18)
cos(Bnb)

= 5"PA () (A-19)
-n

= "= (w) (A-20)

- v 4o
= 0g) [ 7 (zkllfhln * Gtk * Ha2tiifhin
1

v g
812 .
* begofhzn ) * ) Z(CISflzn * £14f32n>

K,
1

l1+vg
- 212
+ _-——__7_—'fplzn ] (A-21)

l-Klw
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fo = - Ltz * tati - Lestia
b, - " Logbys * Kozt ¢ Aotz - Lt
11 o » k12 o

L = Y13 = £ce 14 ty - £estia

k21 T, , 22 o
. - £ P - 4, ¢ .1

= 1 - 1 , -

R Y T I T VI P TR T
? . L3 7 14 ¢ = £33
- - — - ’ -

A Y T I 6" L,

2

2)5'12\/5 [fmnSi“( 11 F’) - fsmﬁ“(@ ﬁ)]

vilw

v2
- 7
lk,w

(
[
|

-2 if
812 7 T~ 7 (“pitn

h2n 2
w

)gIZV &1 [fZHnSin (V- 11 H) - f4an°s(V g B
(Continued on next page)
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fhan = " 812VEpp [flbn Si“(v By b) - fsbnc°s(~’g11 b) ] * 812%p1n
fran = 812 VE [fzbnSin(V‘gll b) B f4bn°°s<V 811 b)] * gy,f

p2bn

f

hsha - 812%s04
fhsa = 812fson

fien = - 812V ,f5b651“<V 11 b) - f6bﬁ°°s(”’811 b) ] * 8128034

[

e - _
fhen =~ 812V | Fsppsin(vie, b) - f6bﬁ°°5<"v‘g11 b)]+-g12f 3bn

P
fo120 = 810 * 2
fplzn = {ansinh(ani) + cosh(ani) ]Jo(an) (n 2 1)
fp220 =0
cos[B (2—5)]
fp2zn = cos(:n ) Io(8n) (n= 1)
i
_ _.21°
. [1+ & J Pi(k3)
n
212
fo3am = [ 1+ (b-2) ] Palks)
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f3ia = fJin for n=0,24,---
Jin = £3in for n=1, 3,5, ---
gy = cosa
2213 = - ‘/gll sm(,/gl1 z)

L4 = /é;cos(‘/g_lq E)

v 4o

N2zn 7 Pe1| T w2(£k11fh2n
1

+

2
La2than * Gi2taifhon * &2 fh4n>

v glz 1 +‘Vg12
¥ 7 (£13f22n ¥ Z14f4zn) Y7 fhom . (A-22)
l'Klm 1-Klw
v &
_ s 0 -
Q3zn = Pe1 T 2 pfc£k12<£k21fhsﬁ * Byortues ) (A-23)
1
v &
_ - 0 -
RECENLE SO pfc£k12(£k21fh5ﬁ * Lot ) (A-24)
1
2 - - _
Ay en = :E : Ztana - “i w39y (153 ) - Io(k53) ¢
1sn -2 Pf2 72 "2\ 2 2 ‘ 2 Jin
(¢ (o%en )0 n") Polks )]
_ = =hi#2 2 '
Pep 3 Rylwg Jran’s (A-25)
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2 - - -
i 2tana - ! v (55 ) - Io(k;3)
21sn = 2 P27 2 2 2 ' 2 f3in
i t .(" o )(n %) [Jo("iz)]
~ =Nn+2 . 2
- PSP (p )tana (A-26)
\Y) -
Bizn © 7201 tcszzl4(‘£kllfhln * zklthzn) (A-27)
1
Vv -
32an = 7 T2 P61 testsia (taifnon * f12han) (A-28)
1
— v - -
3320 = lor. 02 Pe2 [(1213 £c6£zl4) nsa ¥ Lestziathen *
1
VB2 -
* sty ot fusi * Lazfhen) [* T 2 o2(Lostssn
1
1+ vg
12 -
* Ezl4f6zﬁ) * 7 P2 fp3zﬁ (A-29)
l-Klm
\) -
3320 = 7 T2 P2 [(KZIS * Legtara) i * Lesbarathen
1

L2 ) Zh2 s (A-30)
* Lesyraltiarfush * Laothea) | * T2 ped Larstsan
1
+ £ ) + i_:_:glz.— £ -
2147 6zn 2 Pg2'p3zn (A-30)
lsmlw
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through (143) are derived in a Series form in this appendix.
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i=1,2, ---5)

B. Functional Errors Ei

The functional errors,

e; (=1,

2, ---5) de

fined by Eqs. (139)

The element,

of the matrix eigenvalue problem is then calculated in terms of the

functional coefficient which is derived in a series form of each functional

error,

where

€..
1

From the expression of ¢.(r,z) and &,(
the derivatives of these two variables are ob%alned as

)
8

3¢
- Irzn n 2rzn n
or n=0
3% =
1. (Y A +Y B )
- 3rzn n 4rzn' n
9Z h=0
2
9% =z
23 £y
9s n=0
3¢ d
1 _ . E ( Ca + Y C-)
= 6sun n 6sun n
s 90
n=0 )
Yiem = " an[an51nh(anz )+ cosh(anz)] Jl(anr) (n
cos[Bn(z-b)] _
=8 — -~ I, (B.Tr (n
2rzn n cos(Bnﬁ ) 1( n )
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v

Virem = % [Bacosh(enZ) ¢ sinh(a 7)] Jo(e®) @ 2 D)

sin[Bn(E-B)] .

Y4rzn =~ B - O(Bnr) (n =21)
cos(B b)
n
~ -n-1 ..
Yosun = 0 S PaGW
- -n-1
YSsuﬁ =ns Pﬁ(#)
1 A-1
Yosun = ~ e [Pﬁ-l(“) "‘Pﬁ(“)]
1-p
1 - -n-1
Yosun = " . n s [Pﬁ_l(u) - #Pﬁ(#)]
1-p
A A
erzO 0, Y2rzO = 0
A A
Y3yrz0 1, Yarzo ~ 0

Substituting Eqs. (A-1) and (B-1) into the functional errors,
Eqs. (139) through (143) gives

&1 ° 2:.(ellznAn * e122an * elSzﬁCﬁ * elSzﬁCﬁ)

=
()

(e21rnAn * €o4nbn * ezsrﬁcﬁ)

mi
N

I
Ms

3
"
[e]

-+

) &2

™M
(73]

]
Ms

e32ran * e33rﬁcﬁ )

(e31rnAn

0

=3
n

(e43s7Ch * a3 )

™Mt
sy

n
M

=]
n
o

™M1
(92

1]
Ms

®52zntn ¥ eSSzﬁCﬁ N eSSZﬁCﬁ )

+

(e51znAn

0

3
n
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where

®11zn T M11zn ~ Fx1U1zn

®12zn = Y21zn ~ Px1%2zn
13z = " Pxi%1324
€13za = " Pxi%3za
®21rn = Y3rbn
€22rn = Yarbn
®23sn = ®23rn =~ Yeson
®31rn - Y4rbn
e32rn = 9%5rbn
®33sn - ®33ri - - Yson
azsh = Tesai - Pk2%21sh
4350 - Yesan - Pk2%1sa
®51zn - ~ Px1%312n
®52zn © F‘3K1(1322n
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= K + K

3on - KszVszn * KozVeza = Px193324

€c3.n = Ksz¥szn * KezYezn - Pr1%9332a

The conditions for the minimum of the total integrated squared error
are obtained by substituting Eqs. (B-2) into Eqs. (147) and then Egs. (148).
It follows four simultaneous equations:

H de 1 e 1 3¢ b 3¢
RS S f 2 Fdr + s 3 7dr + 243 =0
1 3A 2 A 3 3A 53
B m 0 m 0 m m

<

;:—-_“
T
Mi
[
Q Q>
) m
]
(oW
Nt
+
o\
P
(W]
N
[« %] Q
Al o
R
i
a
=i
+
é?"“s
>
M1
=N
Q QL
al o
Ell-h
"y
s
P
5
e
o
wn
pre
o1
m
w
QL Q
(@) ]
3.
o
Nt
"
o

‘The substitution of Eqs. (B-2) into Eqs. (B-3) yields a desired
linear algebraic system of 4 x (N+1) homogeneous simultenaous equations for
4 x (N+1) unknowns An’ Bn’ Cﬁ and Cﬁ (n=o0,1, 2, ---, N) as follows:
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) (IllmnAn * 1iomnBn ¥ T1smCh * IlSmﬁCﬁ) =

=0
n=0 '
E’o (L21mnfn * Lozmn®n * TosnaCa * Tosmia) = ©
(B-4)
:2:-0 (Ls1mtn * LszimPn * LssanCa * LssnaCi) = ©
nz=:0 (L315nfn * TszinBn * T3smah * LsinC) =
where
i o )
I 1m =./1; ®11zn°11zn 92 ¥ ,/; ®1m®21rm T9F
1 o b _
* o ®31m31m T4 * 0 ®512n%512n %
H ) 1 o
Iiom =./}-—) €11zn°12zn 9% * ./(.) € 1¢m°22rn T9T
1 A ]
* _/; €31rm®32m rdr + _/‘0 ®51zm°52zn dz
H 1 o
Lam = ./;3 ©112n°1328 92 ¢ ,/:) €31 m®33ra 19T
- pb
* ‘/:) ®512m°5320 dz
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i 1
1 3m = _/;-) €11zm°13zn 97 7 .[0 €)1m23rm T9F

b -
* /; €51mSs32n 92

51 1
Loim © ./t:) €12.m®11zn 9% * _/'.; €omC21rn F9T

1 L 5
* _/(; €3omS31rn T9T * fo €cmC51zn 92

fi 1
Lom = _/;3 €122m€12zn 9% * ./;) €22rm®22rm

1 5
*,/(; €2orm®32rn FOT * ./; €5 22mC52zn 92

fi 1
Lo = .[ €2mC13zn 9% * fo €3om®33rh 19T

b
* ./(') €522zm° 5320 dz

fi 1
Losm = .[— €12.m€132n 9% * /; €2rmS23rn T9F

b -
* fo €52omS532n 9

i 1
I31m = _[- €132#°11zn 92 * ./(') €33rmC31rn 19T

* ‘/:) ®532i51zn 92
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A 1
I32tm = fB ®132i°12zn 92 * fo ®33ri®32rn 9T

b -
* ./;) €532mC52zn 92

H . ]
33mA : €132m°132 92 ¢ fo €33 rmC33rn 19T

I

2 b -
+ ‘/:) €4350€43sh ssina ds +_/;) cz. 58534 dz

H _ ff_ i )
133,;“-1 = f_ 1321320 dz + 435435y S Sino ds

B i 0
b -
* ./0 ®5327532n 97
H _ 1 .
L3 = fE ®132i°11zn 9% * _/; ®23rn°21rn 9%
b

* /:) ®532m°51zn 9
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i 1
Liomn = /; ©132m€12zn 92 ¢ './;) 2322 Y97

b
* fo ®532m°522n 92

H z
Lisgn = ./;3 ®132°1320%% * ./; ®43siCa3sp S Sine ds

b
¥ _/; ®5327°5320 92

A 1
L3sm = fB ®132i°1320 9 *fo ®23rnC23zn ¥

£ ‘ b
* fo ®43smC43sn 5 Sino ds # fo ®5327532i 92
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C.” COMPUTER PROGRAM DESCRIPTION

A matrix eigenvalue problem of the longitudinal oscillation of a
liquid-filled elastic cylindrical tank with a flexible inverted conical
bulkhead is formulated in Chapter IV and a procedure for the numerical
calculation is presented in Chapter V. The FORTRAN computer program for
this matrix eigenvalue problem is described in this appendix.

The purpose of the program is to determine the natural frequencies
and the corresponding mode shapes of the system described above. A
numerical example is worked out with the use of the first three terms of
the series of the velocity potentials. The input data for this numerical
example are shown in Table 1. The flow chart of the program is also
shown in Figure 5.
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